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ar@i_, j_D := t@iD h@jD; R@i_, j_D := W@1D + ar@i, jD HE^c@iD - 1L � c@iD;

ΜCollect@Μ_D :=

Collect@Μ, _h, Collect@ð, _t, SimplifyD &D �. W@ws_D ¦ W@Simplify@wsDD;

SetAttributes@ΜForm, ListableD;

ΜForm@Μ_D := Module@
8tails, heads, mat<,

tails = Union@Cases@Μ, t@s_D ¦ s, InfinityDD;

heads = Union@Cases@Μ, h@s_D ¦ s, InfinityDD;

mat = Outer@FullSimplify@Coefficient@Μ, h@ð1D t@ð2DDD &, heads, tailsD;

PrependTo@mat, t �� tailsD;

mat = Prepend@Transpose@matD,

Prepend@h �� heads, Μ �. Hh@_D t@_DL ® 0D
D;

MatrixForm@matD
D

Tails Works

tm@x_, y_, z_D@Μ_D := ΜCollect@Μ �. 8t@xD t@yD ® t@zD, c@xD c@yD ® c@zD<D;

tD@z_, x_, y_D@Μ_D := ΜCollect@Μ �. 8t@zD ® t@xD + t@yD, c@zD ® c@xD + c@yD<D;

tS@x_D@Μ_D := ΜCollect@Μ �. 8t@xD ® -t@xD, c@xD ® -c@xD<D;

Heads Works

hm@x_, y_, z_D@Μ_D := Module@
8Ξ, Η<,

Ξ = D@Μ, h@xDD;

Η = D@Μ, h@yDD;

ΜCollect@HΜ �. h@x yD ® 0L + Ξ h@zD + H1 + Ξ �. t@s_D ¦ c@sDL Η h@zDD
D;

hD@z_, x_, y_D@Μ_D := ΜCollect@Μ �. h@zD ® h@xD + h@yDD;

hS@x_D@Μ_D := Module@8Β<,

Β = 1 + D@Μ, h@xDD �. t@s_D ¦ c@sD;

ΜCollect@Μ �. h@xD ® -h@xD � ΒD
D;

hm@3, 4, 5D@ar@1, 3D + ar@2, 4DD

h@5D Ht@1D + H1 + c@1DL t@2DL



hm@3, 4, 5D@ar@1, 3D + ar@2, 4DD �� ΜForm

0 h@5D
t@1D 1

t@2D 1 + c@1D

� Associativity of Heads Multiplication

Μ1 = Α1 ar@1, 1D + Α2 ar@2, 2D + Α3 ar@3, 3D

Α1 h@1D t@1D + Α2 h@2D t@2D + Α3 h@3D t@3D

Μ1 �� ΜForm

0 h@1D h@2D h@3D
t@1D Α1 0 0

t@2D 0 Α2 0

t@3D 0 0 Α3

Μ1 �� hm@1, 2, 1D �� ΜForm

0 h@1D h@3D
t@1D Α1 0

t@2D Α2 + Α1 Α2 c@1D 0

t@3D 0 Α3

Ht1 = Μ1 �� hm@1, 2, 1D �� hm@1, 3, 1DL �� ΜForm

0 h@1D
t@1D Α1

t@2D Α2 + Α1 Α2 c@1D
t@3D Α3 H1 + Α1 c@1DL H1 + Α2 c@2DL

Ht2 = Μ1 �� hm@2, 3, 2D �� hm@1, 2, 1DL �� ΜForm

0 h@1D
t@1D Α1

t@2D Α2 + Α1 Α2 c@1D
t@3D H1 + Α1 c@1DL HΑ3 + Α2 Α3 c@2DL

Ht1 - t2 L �� ΜForm

0 h@1D
t@1D 0

t@2D 0

t@3D 0

� Compatibility of m and D

Μ = Α1 ar@1, 1D + Α2 ar@2, 2D;

8
Μ �� hD@1, 1, 3D �� hD@2, 2, 4D �� hm@1, 2, 1D �� hm@3, 4, 2D,

Μ �� hm@1, 2, 1D �� hD@1, 1, 2D
< �� ΜForm

:
0 h@1D h@2D

t@1D Α1 Α1

t@2D Α2 + Α1 Α2 c@1D Α2 + Α1 Α2 c@1D
,

0 h@1D h@2D
t@1D Α1 Α1

t@2D Α2 + Α1 Α2 c@1D Α2 + Α1 Α2 c@1D
>

2   Wheeled Semi-Symmetrized 2D Calculus.nb



� The Antipode Property

8
Α ar@1, 1D �� hD@1, 1, 2D �� hS@2D �� hm@1, 2, 1D,

Α ar@1, 1D �� hD@1, 1, 2D �� hS@2D �� hm@2, 1, 1D
<
80, 0<

Factorization

hfac@z_, xtails_List ® x_, y_D@Μ_D := Module@
8ytails<,

ytails = Complement@
Union@Cases@Μ, t@s_D ¦ s, InfinityDD,

xtails

D;

hfac@z, xtails ® x, ytails ® yD@ΜD
D;

hfac@z_, x_, ytails_List ® y_D@Μ_D := Module@
8xtails<,

xtails = Complement@
Union@Cases@Μ, t@s_D ¦ s, InfinityDD,

ytails

D;

hfac@z, xtails ® x, ytails ® yD@ΜD
D;

hfac@z_, xtails_List ® x_, ytails_List ® y_D@Μ_D := ModuleA
8Ζ, Ξ, Η<,

Ζ = D@Μ, h@zDD;

Ξ = Ζ �. HHt@ðD ® 0L & �� ytailsL;

Η = Ζ �. HHt@ðD ® 0L & �� xtailsL;

ΜCollectAΜ - h@zD Ζ + h@xD Ξ + h@yD Η � H1 + Ξ �. t@s_D ® c@sDLE
E

hm@3, 4, 5D@ar@1, 3D + ar@2, 4DD �� ΜForm

0 h@5D
t@1D 1

t@2D 1 + c@1D
hm@3, 4, 5D@ar@1, 3D + ar@2, 4DD �� hfac@5, 81< ® 3, 4D

h@3D t@1D + h@4D t@2D
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Conjugation

conj@y_, x_D@Μ_D := Module@
8Ν, x0, x1, Γ, Ξ, Η, a<,

Ν = Μ �� hfac@x, 8y< ® x0, x1D;

Γ = Coefficient@Ν, ar@y, x0DD;

Ν = ΜCollect@Ν �. W@ws_D ¦ W@ws * Hc@yD Γ + 1LDD;

Ξ = D@Ν, h@x1DD;

Η = D@Ν, t@yDD;

a = 1 + Ξ �. t@s_D ¦ c@sD;

Ν = ΜCollect@HΝ �. t@yD ® a t@yDL - c@yD Ξ ΗD;

Ν �� hm@x0, x1, xD
D;

conji@y_, x_D@Μ_D := Μ �� hS@xD �� conj@y, xD �� hS@xD;

8
Μ1 = W@1D + Α ar@1, 1D + Β ar@1, 2D + Γ ar@2, 1D + ∆ ar@2, 2D,

Μ1 �� conj@1, 2D,

Μ1 �� conji@1, 2D,

Μ1 �� conj@1, 2D �� conji@1, 2D
< �� ΜForm

:
W@1D h@1D h@2D
t@1D Α Β

t@2D Γ ∆

,

W@1 + Β c@1DD h@1D h@2D
t@1D Α +

Α ∆ c@2D
1+Β c@1D Β +

Β ∆ c@2D
1+Β c@1D

t@2D Γ -
Α ∆ c@1D
1+Β c@1D

∆

1+Β c@1D

,

WB 1+∆ c@2D
1+Β c@1D+∆ c@2D F h@1D h@2D

t@1D Α

1+∆ c@2D
Β

1+∆ c@2D

t@2D Γ +
Α ∆ c@1D
1+∆ c@2D ∆ +

Β ∆ c@1D
1+∆ c@2D

,

W@1D h@1D h@2D
t@1D Α Β

t@2D Γ ∆

>

HΜ2 = W@1D + Α1 ar@1, 1D + Α2 ar@2, 1D + Α3 ar@2, 2D + Α4 ar@2, 3DL �� ΜForm;

IΜ2 = W@1D + SumAΑi,j ar@i, jD, 8i, 2<, 8j, 3<EM �� ΜForm

W@1D h@1D h@2D h@3D
t@1D Α1,1 Α1,2 Α1,3

t@2D Α2,1 Α2,2 Α2,3

Μ2 �� conj@1, 2D �� ΜForm

W@1 + c@1D Α1,2D h@1D h@2D h@3D
t@1D Α1,1 J1 +

c@2D Α2,2

1+c@1D Α1,2
N Α1,2 J1 +

c@2D Α2,2

1+c@1D Α1,2
N Α1,3 J1 +

c@2D Α2,2

1+c@1D Α1,2
N

t@2D Α2,1 -
c@1D Α1,1 Α2,2

1+c@1D Α1,2

Α2,2

1+c@1D Α1,2
-

c@1D Α1,3 Α2,2

1+c@1D Α1,2
+ Α2,3

Ht1 = Μ2 �� conj@1, 2D �� conj@1, 3D �� hm@2, 3, 2DL �� ΜForm

WBH1 + c@1D Α1,2L J1 + c@1D Α1,3 J1 +
c@2D Α2,2

1+c@1D Α1,2
NNF h@1D

t@1D Α1,1 H1+c@1D Α1,2+c@2D Α2,2L H1+c@1D Α1,3+c@2

H1+c@1D Α1,2L H1+c@1D Α1,3L+c@1D c@2D Α1,3

t@2D Α2,1 HH1+c@1D Α1,2L H1+c@1D Α1,3L+c@1D c@2D Α1,3 Α2,2L-c@1D Α1,1 HΑ2,2

H1+c@1D Α1,2L H1+c@1D Α1,3L+c@1D c@2D Α1,3
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Ht2 = Μ2 �� hm@2, 3, 2D �� conj@1, 2DL �� ΜForm

W@1 + c@1D HΑ1,2 + Α1,3 H1 + c@1D Α1,2 + c@2D Α2,2LLD h@1D
t@1D Α1,1 J1 +

c@2D HΑ2,2+H1+c@1D Α1,2+c@2D Α2,2L Α2,3L
1+c@1D HΑ1,2+Α1,3 H1+c@1D Α1,2+c@2D Α2,2LL N HΑ1,2

t@2D Α2,1 -
c@1D Α1,1 HΑ2,2+H1+c@1D Α1,2+c@2D Α2,2L Α2,3L
1+c@1D HΑ1,2+Α1,3 H1+c@1D Α1,2+c@2D Α2,2LL

Simplify@t1 � t2D

True

Simplify@
HΜ2 �� conji@1, 2D �� conji@1, 3D �� hm@3, 2, 2DL � HΜ2 �� hm@3, 2, 2D �� conji@1, 2DLD

True

� “4T”

Riffle@
ComposeList@

ops = 8conj@2, 1D, hD@1, 1, 3D, hm@2, 3, 2D, hD@1, 1, 3D, hS@3D, hm@3, 2, 2D<,

Α1 ar@1, 1D + Α2 ar@2, 2D
D �� ΜForm,

ops

D

:
0 h@1D h@2D

t@1D Α1 0

t@2D 0 Α2

, conj@2, 1D,

0 h@1D h@2D
t@1D Α1 -c@2D Α1 Α2

t@2D 0 H1 + c@1D Α1L Α2

,

hD@1, 1, 3D,

0 h@1D h@2D h@3D
t@1D Α1 -c@2D Α1 Α2 Α1

t@2D 0 H1 + c@1D Α1L Α2 0

, hm@2, 3, 2D,

0 h@1D h@2D
t@1D Α1 Α1

t@2D 0 H1 + c@1D Α1L Α2

, hD@1, 1, 3D,

0 h@1D h@2D h@3D
t@1D Α1 Α1 Α1

t@2D 0 H1 + c@1D Α1L Α2 0

,

hS@3D,

0 h@1D h@2D h@3D
t@1D Α1 Α1 -

Α1

1+c@1D Α1

t@2D 0 H1 + c@1D Α1L Α2 0

, hm@3, 2, 2D,

0 h@1D h@2D
t@1D Α1 0

t@2D 0 Α2

>

Α1 ar@1, 1D + Α2 ar@2, 2D HExp@c@2DD - 1L � c@2D �� conj@2, 1D �� hD@1, 1, 3D ��
hm@2, 3, 2D �� hD@1, 1, 3D �� hS@3D �� hm@3, 2, 2D �� ΜForm

0 h@1D h@2D
t@1D Α1 0

t@2D 0
I-1+ãc@2DM Α2

c@2D
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Riffle@
ComposeList@

ops = 8hD@1, 1, 3D, hm@2, 3, 2D, hD@1, 1, 3D, hS@3D, hm@3, 2, 2D<,

Α1 ar@1, 1D + Α2 ar@1, 2D
D �� ΜForm,

ops

D

:K 0 h@1D h@2D
t@1D Α1 Α2

O, hD@1, 1, 3D, K 0 h@1D h@2D h@3D
t@1D Α1 Α2 Α1

O, hm@2, 3, 2D,

K 0 h@1D h@2D
t@1D Α1 Α2 + Α1 H1 + c@1D Α2L O, hD@1, 1, 3D, K 0 h@1D h@2D h@3D

t@1D Α1 Α2 + Α1 H1 + c@1D Α2L Α1
O,

hS@3D,
0 h@1D h@2D h@3D

t@1D Α1 Α2 + Α1 H1 + c@1D Α2L -
Α1

1+c@1D Α1

, hm@3, 2, 2D, K 0 h@1D h@2D
t@1D Α1 Α2

O>

The Double

dm@x_, y_, z_D@Μ_D := Μ �� conji@y, xD �� hm@x, y, zD �� tm@x, y, zD;

dD@z_, x_, y_D@Μ_D := Μ �� hD@z, x, yD �� tD@z, x, yD;

dS@x_D@Μ_D := Μ �� tS@xD �� conj@x, xD �� hS@xD;

Unprotect@NonCommutativeMultiplyD;

Μ_ ** Ν_ := Module@
8Ρ, Σ, labels<,

Ρ = Μ + HΝ �. 8h@s_D ¦ h@Σ@sDD, t@s_D ¦ t@Σ@sDD, c@s_D ¦ c@Σ@sDD<L;

Ρ = Ρ �. 8
2 W@a_D ¦ W@Simplify@a^2DD,

W@a_D + W@b_D ¦ W@Simplify@a * bDD
<;

labels = Union@Cases@8Μ, Ν<, h@s_D t@s_D c@s_D ¦ s, InfinityDD;

Do@
Ρ = Ρ �� dm@s, Σ@sD, sD,

8s, labels<
D;

Ρ

D

ar@1, 2D ** ar@1, 3D �� ΜForm

K 0 h@2D h@3D
t@1D 1 1

O

ar@1, 3D ** ar@2, 3D �� ΜForm

0 h@3D
t@1D 1

t@2D 1 + c@1D
ar@1, 2D ** ar@2, 3D �� ΜForm

0 h@2D h@3D
t@1D 1

c@2D
1+c@1D

t@2D 0
1

1+c@1D
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8ar@1, 2D ** ar@1, 3D ** ar@2, 3D, ar@2, 3D ** ar@1, 3D ** ar@1, 2D< �� ΜForm

:
0 h@2D h@3D

t@1D 1 1 + c@2D
t@2D 0 1

,

0 h@2D h@3D
t@1D 1 1 + c@2D
t@2D 0 1

>

8R@1, 2D ** R@1, 3D ** R@2, 3D, R@2, 3D ** R@1, 3D ** R@1, 2D< �� ΜForm

:

W@1D h@2D h@3D

t@1D -1+ãc@1D

c@1D
ãc@2D I-1+ãc@1DM

c@1D

t@2D 0
-1+ãc@2D

c@2D

,

W@1D h@2D h@3D

t@1D -1+ãc@1D

c@1D
ãc@2D I-1+ãc@1DM

c@1D

t@2D 0
-1+ãc@2D

c@2D

>

ar@1, 3D ** ar@1, 2D �� ΜForm

K 0 h@2D h@3D
t@1D 1 1

O

ar@2, 3D ** ar@1, 3D �� ΜForm

0 h@3D
t@1D 1 + c@2D
t@2D 1

ar@2, 3D ** ar@1, 2D �� ΜForm

0 h@2D h@3D
t@1D 1 0

t@2D 0 1

8ar@1, 2D �� dS@1D , ar@1, 2D �� dS@2D<

:-h@2D t@1D, -

h@2D t@1D
1 + c@1D

>

8R@1, 2D, R@1, 2D �� dS@1D , R@1, 2D �� dS@2D<

:
H-1 + ãc@1DL h@2D t@1D

c@1D
+ W@1D,

H-1 + ã-c@1DL h@2D t@1D
c@1D

+ W@1D, -

H1 - ã-c@1DL h@2D t@1D
c@1D

+ W@1D>

HR@1, 2D �� dS@2DL ** R@1, 2D

W@1D

HR@1, 2D �� dS@1DL ** R@1, 2D

W@1D

8R@2, 3D ** dD@2, 2, 3D@R@1, 2DD, dD@2, 2, 3D@R@1, 2DD ** R@2, 3D< �� ΜForm

:

W@1D h@2D h@3D

t@1D -1+ãc@1D

c@1D
ãc@2D I-1+ãc@1DM

c@1D

t@2D 0
-1+ãc@2D

c@2D

,

W@1D h@2D h@3D

t@1D -1+ãc@1D

c@1D
ãc@2D I-1+ãc@1DM

c@1D

t@2D 0
-1+ãc@2D

c@2D

>

8ar@2, 3D ** dD@2, 2, 3D@ar@1, 2DD, dD@2, 2, 3D@ar@1, 2DD ** ar@2, 3D< �� ΜForm

:
0 h@2D h@3D

t@1D 1 1 + c@2D
t@2D 0 1

,

0 h@2D h@3D
t@1D 1 1 + c@2D
t@2D 0 1

>
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8R@1, 2D ** dD@1, 1, 2D@R@1, 3DD, dD@1, 1, 2D@R@1, 3DD ** R@1, 2D< �� ΜForm

:

W@1D h@2D h@3D

t@1D -1+ãc@1D

c@1D
ã-c@1D I-1+ãc@1D+c@2DM I-c@2D+ãc@1D Hc@1D+c@2DLM

c@1D Hc@1D+c@2DL

t@2D 0
-ã-c@1D+ãc@2D

c@1D+c@2D

,

W@1D h@2D h@3D
t@1D -1+ãc@1D

c@1D
-1+ãc@1D+c@2D

c@1D+c@2D

t@2D 0
-1+ãc@1D+c@2D

c@1D+c@2D

>

HV = W@ΩD + Α ar@1, 1D + Β ar@1, 2D + Γ ar@2, 1D + ∆ ar@2, 2DL �� ΜForm

W@ΩD h@1D h@2D
t@1D Α Β

t@2D Γ ∆

8dD@1, 1, 2D@ar@1, 3DD ** V, V ** ar@1, 3D ** ar@2, 3D< �� ΜForm

:
W@ΩD h@1D h@2D h@3D
t@1D Α Β 1

t@2D Γ ∆ 1

,

W@ΩD h@1D h@2D h@3D
t@1D Α Β

1+Α c@1D
1+Α c@1D+Γ c@2D +

Β H1+c@1DL c@2D
1+Β c@1D+∆ c@2D

t@2D Γ ∆
Γ c@1D

1+Α c@1D+Γ c@2D +
H1+c@1DL H1+∆ c@2DL

1+Β c@1D+∆ c@2D

>

SolveAlways@
dD@1, 1, 2D@ar@1, 3DD ** V � V ** ar@1, 3D ** ar@2, 3D,

8h@1D, h@2D, h@3D, t@1D, t@2D, c@1D, c@2D<
D
8<

8dD@1, 1, 2D@R@1, 3DD ** V, V ** R@1, 3D ** R@2, 3D< �� ΜForm

:

W@ΩD h@1D h@2D h@3D
t@1D Α Β

-1+ãc@1D+c@2D

c@1D+c@2D

t@2D Γ ∆
-1+ãc@1D+c@2D

c@1D+c@2D

,

W@ΩD h@1D h@2D h@3D

t@1D Α Β
I-1+ãc@1DM H1+Α c@1DL

c@1D H1+Α c@1D+Γ c@2DL +
ãc@1D I-1+ãc@2DM Β

1+Β c@1D+∆ c@2D

t@2D Γ ∆
I-1+ãc@1DM Γ

1+Α c@1D+Γ c@2D +
ãc@1D I-1+ãc@2DM H1+∆ c@2DL

c@2D H1+Β c@1D+∆ c@2DL

>

8dD@1, 1, 2D@R@1, 3DD ** V, V ** R@1, 3D ** R@2, 3D< �.

8E^c@1D ® X, E^c@2D ® Y, E^Hc@1D + c@2DL ® X * Y< �� ΜForm

:

W@ΩD h@1D h@2D h@3D
t@1D Α Β

-1+X Y

c@1D+c@2D

t@2D Γ ∆
-1+X Y

c@1D+c@2D

,

W@ΩD h@1D h@2D h@3D
t@1D Α Β

H-1+XL H1+Α c@1DL
c@1D H1+Α c@1D+Γ c@2DL +

X H-1+YL Β

1+Β c@1D+∆ c@2D

t@2D Γ ∆
H-1+XL Γ

1+Α c@1D+Γ c@2D +
X H-1+YL H1+∆ c@2DL

c@2D H1+Β c@1D+∆ c@2DL

>

sols = SolveAlways@
dD@1, 1, 2D@R@1, 3DD ** V � V ** R@1, 3D ** R@2, 3D �.

8E^c@1D ® X, E^c@2D ® Y, E^Hc@1D + c@2DL ® X * Y<,

8h@1D, h@2D, h@3D, t@1D, t@2D, c@1D, c@2D, X, Y<
D

8<
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